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We study a slight variation of the unimodular gauge condition which we call ”the derivative gauge
condition”. We show that at the classical level these conditions are completely equivalent up to a
surface term. At the quantum level the derivative gauge condition can be easily implemented by
analogy with gauge fixing in a quantum gauge theory. This condition might have advantages and
disadvantages upon the context.
I. INTRODUCTION
Consider the action for general relativity:
S =
∫ √−gd4x
[
1
2k
R+ Lm
]
, (1)
where R is the curvature and Lm is the Lagrangian of
matter. Then the Einstein equations can be derived read-
ily by taking the functional derivative δS
δgµν
with the re-
sult:
Rµν − 1
2
gµνR =
8πG
c4
Tµν , (2)
where Rµν is the Ricci tensor, R is the curvature and Tµν
is the matter energy momentum tensor.
Equation (2) contains second order partial differen-
tial equations for the metric tensor. In general a sec-
ond rank tensor has 16 components and if this tensor
is symmetric the number of independent component re-
duces to 10. The Bianchi identities (∂µG
µν = 0 where
Gµν = Rµν − 12gµνR) further reduces the number of in-
dependent components to 6.
In quantum field theories the redundancy of the gauge
degrees of freedom is resolved by finding a suitable gauge
fixing condition. One or another gauge fixing condition
may be suitable in a different theoretical or phenomeno-
logical context. In the case of electrodynamics only there
are a few most common gauge fixing conditions as for ex-
ample: Lorentz gauge ∂µA
µ = 0, temporal gauge A0 = 0
or radiation or transverse gauge ∂kA
k = 0 where k indi-
cates the spatial components).
In general relativity gauge fixing implies 4 constraints
that should be applied to the metric. The analogue
for the Lorentz gauge condition for electromagnetism is
the so called harmonic or De Donder gauge condition
gµνΓρµν = 0. The harmonic gauge condition may be
written in different ways and stems from the harmonicity
condition for the space time variables which amounts to:
xµ = 0 (3)
where  = ∇µ∇µ, the covariant D’Alembertian. An-
other possible form is:
∂λ[
√−ggλµ] = 0. (4)
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The harmonic gauge condition is suitable in the weak
gravitational field limit when the metric can be expanded
as gµν = ηµν + hµν where ηµν is the Minkowski metric
and hµν is a small fluctuation. In this gauge the Einstein
field equations reduce in the weak limit to [1]:
hµν − 1
2
ηµνh = −16πGTµν , (5)
where h = hµµ = hµνη
µν .
There are various gauge fixing conditions besides the
harmonic gauge in general relativity. Here we will men-
tion only one another gauge related to the De Donder
gauge [2] and also analogous to the transverse gauge in
electrodynamics. This is gijΓρij = 0 where i and j refer
to the spatial components of the metric. This gauge is
very useful for studying gravitational fluxes and energies.
In this work we will consider a slight variation of an
idea that was first proposed by Einstein in [3] in 1919
and further developed by Anderson and Finkelstein in
[4] and discussed also in [5]-[9]. Namely we shall con-
sider that the gauge fixing condition is given by Γµµλ = 0
which is equivalent to
∂ ln
√
|g|
∂xλ
= 0. It is clear then that
this gauge fixing condition leads to a fixed measure of
space time
√−g (unimodular gauge). Then it makes
sense that instead of discussing about a metric tensor
one should introduce a conformal metric fµν which leads
to concrete dynamical equations. One can then study
the consequences of this gauge fixing choice for the gen-
eral Lagrangian, for the curvature and for the Einstein
equations.
Here we will introduce a gauge fixing condition which
is a slight variation of the unimodular gauge condition,
namely
∂ ln
√
|g|
∂xλ
= 0 (we will call this derivative gauge
fixing). In this gauge fixing the Ricci tensor will become:
Rij =
∂
∂xj
Γjik −
∂
∂xk
Γjij +
ΓjjsΓ
s
ik − ΓjksΓsij =
∂
∂xj
Γjik − ΓjksΓsij , (6)
so there is already a great simplification. This simplifi-
cation is more obvious for the scalar curvature:
R = gikRik = g
ik ∂
∂xj
Γjik − gikΓjksΓsij . (7)
Let us analyze in more details the second term on the
right hand side of Eq. (7).
2For a smooth manifold the covariant derivative of the
metric tensor vanishes identically:
▽sgij = ∂sgij + Γjskgki + Γiskgkj = 0. (8)
Then one may write:
Γjskg
ki = −∂sgij − Γiskgkj , (9)
and furthermore,
−gikΓjksΓsij = ∂sgijΓsij + ΓsijΓiskgkj . (10)
But,
gkjΓsijΓ
i
sk = Γ
s
ijΓ
j
skg
ki. (11)
From Eqs. (10) and (11) one then deduces:
gikΓjksΓ
s
ij = −
1
2
∂sg
ijΓsij . (12)
We plug the result form Eq. (12) into Eq. (7) to obtain
in the gauge considered:
R = gik
∂
∂xj
Γjik +
1
2
Γsij∂sg
ij . (13)
Since the determinant of the metric can be regarded as
constant one can consider that the total derivatives are
zero, integrate by parts and further write:
R =
1
2
∂
∂xj
Γjik =
− ∂g
ik
∂Xm
∂gmi
∂xk
+
1
2
∂gik
∂xm
∂gik
∂xm
. (14)
Thus the curvature becomes very amenable and with sim-
ilarities with the gauge kinetic term for an abelian gauge
field.
Einstein equations are then written with Rij from Eq.
(6) and with R from Eq. (14). In the classical case the
derivative gauge fixing condition can be introduced in the
Lagrangian in the form of a vector Lagrangian multiplier
as follows:
S =
∫
d4x
√−g
[
1
2k
R+ Lm
]
−
∫
d4x
[
λµ[∂µ ln
√−g]
]
, (15)
where λµ are the Lagrange multipliers.
Note that in the case of unimodular gauge the con-
straint is introduced at the classical level through a single
Lagrange multiplier λ as in:
S =
∫
d4x
√−g
[
1
2k
R+ Lm
]
−
∫
d4x
[
λ[
√−g − ǫ]
]
, (16)
where ǫ is a constant. Then the variation with respect to
the metric leads to the usual Einstein with a cosmological
constant term (for a review see [8] and the references
therein):
Rµν − 1
2
Rgµν +
k
2
gµν =
k
2
Tµν . (17)
It is evident from Eqs. (15) and (16) that the derivative
and unimodular gauge conditions are completely equiva-
lent at the classical level up to a surface term.
Consequently the unimodular gauge should be used as
an alternative to the harmonic gauge for the case when
the gravitational field is arbitrary and not necessarily
weak.
The main reason for introducing the gauge fixing con-
dition instead as ∂µ ln
√−g = 0 is that it permits a
straightforward generalization to the quantum case by
analogy with gauge fixing for quantum electrodynam-
ics. First we update the derivative gauge fixing to
∂µ ln
√−g = aµ where aµ(x) is an arbitrary vector. Then
in the quantum partition function besides all other fac-
tors that might appear there is a factor pertaining to the
gauge condition:∫
dgµνδ(∂µ ln
√−g − aµ) exp[iS], (18)
which can be further written as (if gaussian weighting
functions centered at zero are introduced):
∫
daµ exp[−i
∫
d4x
√−ga
2
µ
ǫ2
]×∫
dgµνδ(∂µ ln
√−g − aµ) exp[iS] =∫
dgµν exp[iS]×
exp[−i
∫
d4x
1
ǫ
(∂µ ln
√−g)(∂µ ln
√−g)]. (19)
Next we shall discuss the implications of Eq. (19) for
the Einstein equations and for the particular limit of the
weak gravitational field.
First the Einstein equations will become:
Rµν − 1
2
gµνR+
1
2ǫ
gµνg
ik ∂ ln
√−g
∂xi
∂ ln
√−g
∂xk
−
1
ǫ
gik
∂gµν
∂xk
∂ ln
√−g
∂xi
=
k
2
Tµν . (20)
Next we shall consider the weak gravitational limit
where gµν = ηµν + hµν . In this case the gauge fixing
term in quadratic order becomes (h = hµνηµν):
Lǫ = − 1
4ǫ
ηik
∂h
∂xi
∂h
∂xk
. (21)
The gravity Lagrangian in the weak gravitational limit is
3[1]:
L = 1
2
[
∂µh
µν(∂νh)− (∂µhρσ(∂ρhµσ) +
1
2
ηµν(∂µh
ρσ)(∂νhρσ)− 1
2
ηµν(∂µh)(∂νh)
]
. (22)
Then the choice ǫ = −1 in Eq. (21) cancels the last term
in Eq. (22).
In this work we discussed a gauge which is a slight mod-
ification of the unimodular gauge. Whereas the unimod-
ular gauge can be very important through the presence of
a cosmological constant term in practice its implementa-
tion requires the presence of a Lagrangian multiplier and
also that of a surface term in the action which may lead
to difficulties in the quantization of gravity [6]. The har-
monic gauge on the other hand is very amenable in the
weak gravitational limit where it leads to drastic sim-
plifications. Here we presented a more general version
of the unimodular gauge (the derivative gauge) which
has features that makes it attractive from two points of
views. First it leads to some simplification in the weak
gravitational limit not as good as the harmonic gauge
butuseful. Then it is very convenient from the point of
view of quantization because uncanning similarity with
the Lorentz gauge for a gauge. We sketched a method
through which the gauge fixing term might arrive in the
Lagrangian without much details and discuss some con-
sequences of this choice. More detailed derivations and
analysis will be presented in a further work.
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